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To explore the properties of a two-qubit mixed state, we consider quantum teleportation. The
fidelity of a teleported state depends on the resource state purity and entanglement, as characterized
by concurrence. Concurrence and purity are functions of state parameters. However, it turns
out that a state with larger purity and concurrence, may have comparatively smaller fidelity. By
computing teleportation fidelity, concurrence and purity for two-qubit X-states, we show it explicitly.
We further show that fidelity changes monotonically with respect to functions of parameters - other
than concurrence and purity. A state with smaller concurrence and purity, but larger value of one
of these functions has larger fidelity. These functions, thus characterize nonlocal classical and/or
quantum properties of the state that are not captured by purity and concurrence alone. In particular,
concurrence is not enough to characterize the entanglement properties of a two-qubit mixed state.
I. INTRODUCTION
Quantum entanglement has remained a major resource
for accomplishing quantum information processing tasks
such as teleportation [1], quantum key distribution [2],
secret sharing [3] etc. The key idea of teleportation, as
proposed by Bennett et al. [1] in their seminal paper,
is to transmit an unknown state to a remote location
using the entanglement as a resource. In the paper,
the authors used a singlet state which is known to
be maximally-entangled state as a resource. With this
resource, an unknown one-qubit state can be transmitted
with unit fidelity and unit probability - i.e., perfect
teleportation. In a teleportation scheme, the resource
state is used as a channel for transmission to a distant
location. The efficiency of a channel is quantified by
teleportation fidelity which takes its maximum value for
maximally-entangled Bell states. A classical channel can
also be used to perform teleportation with fidelity upper
bounded by 23 [4]. A unit fidelity is possible only if the
resource state is maximally entangled.
In a realistic scenario, a resource state is usually a
mixed state. It happens due to the unavoidable noise,
interaction with the environment which eventually
turns a pure state into a mixed one. It was Popescu
[4] who showed that a mixed state can be sometime
useful for teleportation producing fidelity greater than
the classical value. A mixed state has both classical
and quantum properties. Their interplay can by quite
complex. Usually, classicality of a state is characterized
by how pure a state is. Here, by classicality we mean
the classical correlations in the state due to the mixing
parameters. The popular measures are - von Neumann
entropy, linear entropy, or purity. We shall use the
later which can be defined as P = Tr[ρ2]; it attains its
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maximum value one for a pure state. Nonlocal quan-
tum properties are characterized by an entanglement
measure, such as concurrence, or negativity. One may
expect that the teleportation fidelity may depend not
only on the entanglement of a mixed state, but also
classicality. Z˙yczkowski et al. [5] have shown that states
with purity less than 13 are separable. It has also been
proved [6] that if a state exceeds a certain degree of
mixedness as quantified by von Neumann entropy, then
it can’t be used as teleportation channel. Likewise in
[7] the authors have obtained rank dependent lower
bound on concurrence and upper bound on mixedness
of a state for the success of the teleportation protocol.
Verstraete et al. [8] have found an upper bound on
fidelity in terms of its entanglement as measured by
concurrence [9] or negativity [10]. As we shall see, there
exist states with smaller purity or/and concurrence,
but higher teleportation fidelity. In this paper, we will
obtain analytical expressions relating three quantities
namely, purity, concurrence and fidelity. We go beyond
this also. We will analyze the comparative behavior for
a class of states, which encompass many well known
states. The number of independent parameters in this
class of states go beyond two quantities – purity and
concurrence – that are normally used to characterize a
mixed state. By considering mixed states with fewer
parameters, we will show that optimal teleportation
fidelity monotonically increases or decreases with new
functions of the state parameters. So these extra
functions also characterize the classical and nonlocal
quantum properties of a mixed state. Purity and
concurrence are not enough to fully characterize a state,
and to understand the optimum implementation of a
communication protocol. For example, larger purity,
or/and larger concurrence does not necessarily imply
larger teleportation fidelity. There are other functions of
the state parameters that are also needed to charaterize
the nonlocal properties of the state as we show less
entangled and less pure state can produce better fidelity.
Although, we shall demonstrate the usefulness of these
functions in the context of teleportation fidelity, same
functions play similar role in characterizing the Bell
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2violation [11]. Recently there has been similar discussion
in the context of entanglement purification [12]. It has
been shown that the entanglement purification protocol
can be enhanced if we have access to the full parameter
space of a two-qubit mixed state. Our motivation is
slightly different in the sense that we show that nonlocal
properties of a mixed state do require physical quantities
other than purity and concurrence. We present our dis-
cussion using X-states as resource states for the protocol.
Recently Mendonc¸a et al. [13] have shown that for
every two-qubit state there exists a density matrix
parameterized by seven parameters which resembles the
alphabet X and popularly known as X-state in literature
and with same purity and concurrence as of the former.
Moreover, they have shown that the whole concurrence-
purity region of any two-qubit state can be covered with
only X-states. Many families of two-qubit states like
Werner state, Bell states, maximally-entangled mixed
state have this kind of structure. X-states were first
shown to have interesting properties in a paper by
Yu and Eberly [14]. Ever since there has been a large
amount of literature [13, 15] about X-states. In our work,
we have exploited the parametrization of X-states for
different ranks [13] to find out the comparative relations
for teleportation fidelity. We emphasize the importance
of functions of state parameters other than purity and
concurrence in characterizing the nonlocal properties of
a two-qubit mixed state. We have organized the paper
as follows. In the next section, we have discussed some
useful quantities related to our work. In the subsequent
sections we present our results using two-qubit X-states.
Finally we shall conclude in the last section.
II. PRELIMINARIES
In this section, we introduce some relevant quanti-
ties which are required to obtain our results. Among
many measures of entanglement of a two-qubit system,
concurrence [9] is extensively used so far in many con-
texts. Concurrence C(|ψ〉) of a pure state |ψ〉 is defined
as C(|ψ〉) = 〈ψ|ψ˜〉, where |ψ˜〉 = (σy ⊗ σy) |ψ∗〉. Here (∗)
is complex conjugate of |ψ〉 in computational basis and
σy is Pauli matrix. Concurrence [9] of a two-qubit mixed
state ρ is defined as
C = max(0, λ1 − λ2 − λ3 − λ4), (1)
where λi’s are the eigenvalues, in descending order of the
matrix
√√
ρρ˜
√
ρ. Here ρ˜ = (σy ⊗ σy)ρ∗(σy ⊗ σy), where
‘∗’ denotes the conjugate of ρ. For Bell states it yields
1 while for separable states C(ρ) = 0. To define the
teleportation fidelity, we shall use the prescription given
by Horodecki et al. [18]. Maximum teleportation fidelity
of a two-qubit state ρ can be expressed as
Fmax ≤ 1
2
[
1 +
1
3
Tr
√
T †T
]
, (2)
where the elements of the matrix T are defined as tmn =
Tr[ρ(σn ⊗ σm)] and m,n = (1, 2, 3). Furthermore, they
have shown that for a state ρ with Tr
√
T †T > 1, the
inequality in Eq. (2) can be replaced by a equality as
[18]
Fmax = 1
2
[
1 +
1
3
Tr
√
T †T
]
. (3)
However, throughout the manuscript we will always con-
sider the upper bound of fidelity F = 12
[
1 + 13Tr
√
T †T
]
which is the expression of optimal fidelity.
III. TWO QUBIT X-STATE
The parametric form of an arbitrary two-qubit X-state
of a bipartite system can be represented as follow [13]:
ρ =

cos2 θ 0 0
√
xeiµ
0 sin2 θ cos2 φ
√
yeiν 0
0
√
ye−iν sin2 θ sin2 φ cos2 ψ 0√
xe−iµ 0 0 sin2 θ sin2 φ sin2 ψ
 .
(4)
with θ, φ, ψ ∈ [0, pi2 ], x, y ≥ 0 and µ, ν ∈ [0, 2pi]. How-
ever these conditions are not enough to make Eq. (4)
a valid density matrix. Further constraints x ∈ [0,H]
and y ∈ [0,G] are required to make it positive semidef-
inite. Here we define H = sin2 θ cos2 θ sin2 φ sin2 ψ and
G = sin4 θ cos2 φ sin2 φ cos2 ψ. Mendonc¸a et al. [13] have
given a parametrization of two-qubit X-states of differ-
ent ranks. A two-qubit X-state will be of rank one if
(x = H, y = 0,A = 0) or (x = 0, y = G,B = 0), where
A = sin2 θ(1− sin2 φ sin2 ψ) and B = 1−A. A rank two
X-state can be parametrized as (x < H, y = 0,A = 0) or
(x = 0, y < G,B = 0) or (x = H, y = G,AB > 0). Con-
ditions (x < H, y = G,A > 0) or (x = H, y < G,B > 0)
parametrize a two-qubit X-state of rank three. A rank
four X-state can be parametrized as (x < H, y < G,AB >
0). They have also given the concurrence and purity for
an arbitrary X-state. We will be using those expressions
along with the expression of optimal fidelity to obtain
its functional relationship with concurrence and purity.
This relationship will give us the pattern how optimal
fidelity changes with purity and concurrence. In addi-
tion we will find dependence on other functions of the
state parameters. We underscore the importance of these
other functions to characterize the nonlocal properties of
a two-qubit mixed state.
IV. CONCURRENCE, OPTIMAL FIDELITY
AND PURITY FOR GENERAL X-STATES
In [13], the following expressions for purity and con-
currence for an arbitrary X-state have been obtained,
P = 1− 2(AB + G − y +H− x) (5)
C = 2 max [√x−√G,√y −
√
H] (6)
3Using Eq. (2), we have evaluated the expression for op-
timal teleportation fidelity for the general X-state as,
F = 1
6
[
3 + 2
√
(
√
x+
√
y)2 + 2
√
(
√
x−√y)2 +√(
cos2 θ − sin2 θ(cos2 φ+ sin2 φ cos 2ψ))2].(7)
Now to remove the last square root in the above expres-
sion, we write Eq. (7) as
F = 1
6
[
3 + 2
√
(
√
x+
√
y)2 + 2
√
(
√
x−√y)2 +
sgn
(
k(θ, φ, ψ)
)
k(θ, φ, ψ)
]
, (8)
where k(θ, φ, ψ) =
(
cos2 θ−sin2 θ(cos2 φ+sin2 φ cos 2ψ))
and ‘sgn’ represents the sign function. Eq. (8) will give
two different expressions depending on the choice, x > y
or y > x. Depending on that optimal fidelity expression
will involve x or y and will be
F = 1
6
[
3 + 4
√
a+ sgn
(
k(θ, φ, ψ)
)
k(θ, φ, ψ)
]
, (9)
where a = max[x, y]. As stated earlier, depending upon
the parameters values and ranges, we can categorize a
X-state as second rank, third rank, or fourth rank state.
We will deal with the case of each rank separately as
the complexity of the functional relationship will grow
with rank. Before starting with second rank, we note
that pure states have purity as one; for each such state,
optimal teleportation fidelity and concurrence are related
as,
F = 1
3
(2 + C). (10)
We can see that for any pure entangled state fidelity is
larger than 23 . But it is not the case always for a mixed
state, as is known, and as we will see in the subsequent
section.
V. ANALYSIS FOR SECOND RANK X-STATES
A. Second rank X-states of first kind
We first consider the second rank states of first type,
i.e x < H, y = 0,A = 0. First putting y = 0, in the
general expression for purity and concurrence we get,
P = 1 + 2x− 2p sin2 θ − 2q sin4 θ, (11)
C = 2(√x− f sin2 θ), (12)
where,
f = cosφ sinφ cosψ, (13)
p = sin2 φ sin2 ψ, (14)
q = sin2 φ(cos2 φ cos2 ψ − sin2 ψ). (15)
And optimal fidelity is given by,
F = 1
6
[
3 + 4
√
x± cos2 θ ∓ esin2 θ
]
, (16)
where,
e = cos2 φ+ sin2 φ cos 2ψ. (17)
and the origin of ± sign in Eq. (16) is coming due to
the sign function in (8). Now, situation for the rank two
state will be simpler because we also have A = sin2 θ(1−
sin2 φ sin2 ψ) = 0. That will make either θ = 0 or φ =
ψ = pi/2. No other solutions are possible. So it will
suffice to consider these two cases. But for θ = 0, we
have H = 0. As x < H, it should be negative (because
with the other restrictions for the first kind of second
rank X-states, x must be less than H, otherwise it won’t
be a second rank X-state). But by definition of X-states,
x is non-negative. So, if we allow x to be at most equal
to H (which is not allowed anyway), which is zero in this
case, we just get a pure state. So, θ = 0 is not a valid
solution here. Now, when φ = ψ = pi/2,
p = 1, q = −1, and e = −1. (18)
Putting these in the expressions for purity, optimal fi-
delity and concurrence, we get,
P = 1 + 2x− 2 sin2 θ + 2 sin4 θ, (19)
C = 2√x and (20)
F = 1
3
[
2 + 2
√
x
]
. (21)
Using Eq.(20) and Eq.(21) we obtain
F = 1
3
(2 + C). (22)
Again, it is evident that optimal fidelity is greater than
classical value whenever the state is entangled. This re-
lation is same as that for pure states.
B. Rank-2 X-states of second kind
For this we have the parametrization, B = 0, x = 0, y <
G. All the expressions for purity, concurrence and opti-
mal fidelity will be same as before, just x will be replaced
by y.
P = 1 + 2y − 2p sin2 θ − 2qsin4θ, (23)
C = 2(√y − f ′ sin θ cos θ) and (24)
F = 1
6
[
3 + 4
√
y ± cos2 θ ∓ esin2 θ
]
. (25)
Here, f ′ = sinφ sinψ. Now the condition B = 0, i.e
A = sin2 θ(1−sin2 φ sin2 ψ) = 1 will make either θ = pi/2
and φ = 0, or θ = pi/2 and ψ = 0. No other solutions are
possible. But for the first choice, we have, G = 0. So y
should be negative. So this is not a valid solution by the
4same arguments as above. Let us see what happens for
the other solution i.e, θ = pi/2 and ψ = 0. In this case,
we have
p = 0, q = sin2 φ cos2 φ, f ′ = 0 and e = 1. (26)
We obtain,
P = 1 + 2y − 2 sin2 φ cos2 φ, (27)
C = 2√y and (28)
F = 1
3
[
2 + 2
√
y
]
So finally we have
F = 1
3
(2 + C). (29)
Situation is same as before, i.e. optimal fidelity is inde-
pendent of purity and we will get optimal teleportation
fidelity always greater than classical value as long as the
state is entangled.
C. Rank-2 X-states of third kind
This is characterized by, x = H, y = G, 0 ≤ A ≤ 1. The
expressions change accordingly. Maximum concurrence
can be 2
√
x − 2√y or 2√y − 2√x. We begin with the
first choice such that x > y. We get,
P = 1 + 2r sin2 θ + 2r2 sin4 θ, (30)
C = 2√x− 2√y and (31)
F = 1
6
[
3 + 4
√
x± cos2 θ ∓ esin2 θ
]
. (32)
Here,
r = −1 + sin2 φ sin2 ψ. (33)
From Eq. (30) we solve for sin2 θ and get,
sin2 θ =
−1±√2P − 1
2r
= V (P, φ, ψ). (34)
Here we choose F = 16
[
3 + 4
√
x+ cos2 θ− esin2 θ
]
. From
Eq. (31) we write, 4
√
x = 2C + 4√y and using these,
F = 1
6
[
4 + 2C + 4√y − (1 + e)V (P, φ, ψ)
]
. (35)
As e+ 1 = −2r, we get
F = 1
6
[
4 + 2C + 4√y + (−1±√2P − 1)
]
. (36)
To make it optimum, we choose the plus sign and hence,
F = 16
[
4 + 2C + 4√y + (−1 +√2P − 1)
]
. Now one can
take the other sign of fidelity as well i.e., F = 16
[
3 +
4
√
x− cos2 θ + esin2 θ
]
. In this case by substituting the
value of sin2 θ we get
F = 1
6
[
4 + 2C + 4√y − (−1±√2P − 1)
]
. (37)
To make it optimum, we choose the minus sign in the
expression of sin2 θ, i.e., in Eq. (34). Both these expres-
sions are same but depending on the situation, we need
to choose the sign of sin2 θ properly. The plus or minus
sign in optimal fidelity expression can be fixed by the
sign of Eq. (34). Therefore, without loosing generality,
we can take the optimal fidelity expression as
F = 1
6
[
4 + 2C + 4√y + (−1 +√2P − 1)
]
. (38)
We will encounter similar kind of situation for other ranks
of X-states as well. By giving similar argument and with-
out loosing generality we can take optimal fidelity as
F = 1
6
[
4 + 4
√
a− (1 + e) sin2 θ
]
, (39)
where, a = max[x, y] and we will consider accordingly the
sign in the expression of sin2 θ (as in Eq. (34)) to make
fidelity optimal. We will use this expression throughout
the manuscript. Now, as the minimum value of (1+e) can
be zero, in the expression for sin2 θ we have to choose the
minus sign for the optimum fidelity. For this choice, it is
evident from Eq.(34) that sin2 θ = V (P, φ, ψ), decreases
as P increases for any φ, ψ. Hence from Eq.(38) optimal
fidelity will also increase as the purity increases keeping
concurrence and other parameters fixed at any values.
Also the optimal fidelity changes monotonically with re-
spect to parameters other than purity, or concurrence,
here y. This is one of the main message of this paper and
as we will show in the following that the same conclusion
holds for 3rd and 4th rank X-states also. The expression
of V (P, φ, ψ) shows a very interesting feature. As fidelity
is always a real quantity, we must have P ≥ 1/2. So, this
physical constraint also restricts the minimum purity a
second rank X-state can have. This fact is also evident
from the expression of purity, i.e., Eqn. (30). It can be
shown that minimum value that P can take is 1/2. As
stated earlier, from Eqn. (35) and (36), it is evident that
for a fixed value of y and C, optimal fidelity increases with
the increment of purity. We emphasize this fact by plot-
ting optimal fidelity with respect to purity for y = 0.01
and C = 0.2.
It is clear from FIG. 1, that if a state is not suitable
for teleportation, by increasing its purity, one can make
it effective for teleportation. Therefore, optimal fidelity
not only depends on entanglement but also on the purity
of the state. In FIG. 2 we have plotted optimal fidelity
for a fixed value of purity to show its variation with
entanglement of the state and indeed optimal fidelity is
increasing with concurrence. Here we emphasize that it
may happen a state with less entanglement but higher
value of purity can achieve higher optimal fidelity. We
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FIG. 1. Variation of optimal fidelity with purity for y = 0.01
and C = 0.2 of second rank X-state of third kind.
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FIG. 2. Variation of optimal fidelity with concurrence for
y = 0.01 and P = 0.7 of second rank X-state of third kind.
see it explicitly in the following example. Let us consider
a state with P = 0.6, C = 0.2 and y = 0.001. For
this state θ ≈ 0.5809, φ ≈ 0.3124 and ψ ≈ 1.2036.
Optimal fidelity for this state is F ≈ 0.6623. Let us take
another state with P = 0.7, C = 0.15 and y = 0.001.
For this state, we have θ ≈ 1.4515, φ ≈ 1.4953 and
ψ ≈ 1.1304. In this case optimal fidelity is F ≈ 0.6765.
So a state that has less entanglement but more purity
can provide higher optimal fidelity. Another parameter
on which optimal fidelity depends on is y. From the
optimal fidelity expression, it is clear that it increases
monotonically with y. This is the first example where
we see the dependence of optimal fidelity on properties
other than purity and concurrence. This parameter also
seems to characterize the nonlocal properties of the state.
Now if we consider the second choice of concur-
rence i.e., C = 2√y − 2√x when y > x. Everything will
remain same except x in Eq. (32) will change to y and y
in Eq.(35) and (36) will change to x. All the arguments
and results remain the same.
VI. ANALYSIS FOR THIRD RANK X-STATES
A. Rank-3 X-states of first kind
Third rank X-state of first kind is characterized by,
x < H, y = G, A > 0. Given that we get,
P = 1 + 2x− 2 sin2 θ + 2d sin4 θ, (40)
C = 2 max [√x− f sin2 θ,√y − f ′ sin θ cos θ]
(41)
F = 1
6
[
3 + 4
√
a+ cos2 θ − e sin2 θ
]
, (42)
where, e, f, f ′, a are same as before and,
d = 1− sin2 φ sin2 ψ + sin4 φ sin4 ψ. (43)
We first take x > y. As x > y implies x > G and x < H,
we have H > x > G and for this choice, C is 2(√x −
f sin2 θ) and F is 16
[
3 + 4
√
x + cos2 θ − e sin2 θ
]
. Now,
solving for sin2 θ from Eq. (40) and (41) we get,
sin2 θ = V1(P, C, φ, ψ)
=
(1− fC)±√(1− fC)2 − (1− P + C2/2)(2d+ 2f2)
(2d+ 2f2)
(44)
Using the expression for C and the evaluated sin2 θ, we
now write optimal fidelity F in terms of C,P, d, e and f
as,
F = 1
6
[
4 + 2C − (1 + e− 4f)V1(P, C, φ, ψ)
]
. (45)
As stated for the 2nd rank case, to get optimum fidelity,
we have to choose the minus sign of V1(P, C, φ, ψ) as the
minimum value of (1 + e − 4f) can be zero. Then it is
evident from the expression that for any values of φ, ψ
and C, F increases with P, as V1(P, C, φ, ψ) decreases
with the increase of P . So as before the same result
holds for 3rd rank X-states of first kind. To illustrate
this behavior graphically, we set φ = pi4 , ψ =
pi
2 and then
the Eq. (45) reduces to the following form,
F = 1
18
(
10 + 6C +
√
6P − 3C2 − 2
)
. (46)
We plot this expression for optimal fidelity F with purity
P for a fixed entanglement, i.e concurrence C. FIG. 3,
shows that for a fixed entanglement, the optimal fidelity
increases with purity. Like second rank X-state, optimal
fidelity of these states also increases with concurrence for
fixed purity as shown in FIG. 4. Moreover the right hand
side of Eq.(45) involves few more parameters. Here we
are giving a very interesting example. Consider a state
with P = 0.6, C = 0.2, φ = pi4 and ψ = pi2 . For this
state, we have F ≈ 0.6898. These values of ψ and φ give
d = 34 , e = 0 and f = 0. For another state with P = 0.64,
6C = 0.22, φ = pi2 and ψ = 2pi25 , we get F ≈ 0.6612. For
this state d ≈ 0.9419, e = 0.87563 and f = 0. So with
less entanglement and purity one can have more optimal
fidelity for different values of φ and ψ or d, e and f . Now,
let us see the ranges of d, e and f . We obtain
3
4
≤ d < 1 (47)
−1 < e < 1 (48)
0 ≤ f < 1
2
(49)
The ranges of d , e and f have been obtained by maximiz-
ing and minimizing the functions independently. How-
ever, as they all are functions of φ and ψ, they can
not be varied independently. As optimal fidelity de-
pends on those parameters also rather than only de-
pending on purity and concurrence, we have plotted
variations of optimal fidelity with those parameters in
Fig.(5) and Fig.(6) showing optimal fidelity decreases
monotonically with e, whereas it increases monotonically
with f . In the figures the ranges of the parameters
e and f have been appropriately modified. Now,
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FIG. 3. Variation of optimal fidelity with purity for d = 3
4
,
e = 0 and f = 0 with C = 0.2 of third rank X-state of first
kind.
we are left with the situation when y > x. In this
case the concurrence will be 2(
√
y − f ′ sin θ cos θ) and
F = 16
[
3 + 4
√
y + cos2 θ − e sin2 θ
]
. Doing similar kind
of calculation one can show that
F =1
6
[
4 + 2C + 4f ′
√
V2(P, x, φ, ψ)(1− V2(P, x, φ, ψ))
−(1 + e)V2(P, x, φ, ψ)
]
, (50)
where V2(P, x, φ, ψ) = 1±
√
1−2d(1+2x−P)
2d . Here also one
can easily verify a similar kind of trend as before.
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FIG. 4. Variation of optimal fidelity with concurrence for
d = 3
4
, e = 0 and f = 0 with P = 0.7 of third rank X-state of
first kind.
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FIG. 5. Variation of optimal fidelity with ’e’ for f = 0, P = .7
and C = 0.2 of third rank X-state of first kind.
B. Rank-3 X-states of second kind
This class of states are characterized by x = H, y < G,
A < 1. We get,
P = 1 + 2y − 2t sin2 θ + 2u sin4 θ, (51)
C = 2 max [√x− f sin2 θ,√y − f ′ sin θ cos θ]
(52)
F = 1
6
[
3 + 4
√
a+ cos2 θ − esin2 θ
]
, (53)
where, t = 1− p. p, a are same as before and,
u = 1+sin4 φ sin4 ψ−cos2 φ cos2 ψ sin2 φ−2 sin2 φ sin2 ψ.
(54)
First we take x > y. As x > y implies H > y and
y < G, concurrence will be 2(
√
x − f sin2 θ) and F is
1
6
[
3 + 4
√
x+ cos2 θ − e sin2 θ
]
. After doing a calculation
as above, we get
F = 1
6
[
4 + 2C − (1 + e− 4f)V3(P, φ, ψ, y)
]
, (55)
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FIG. 6. Variation of optimal fidelity with ’f ’ for e = 0, P = .7
and C = 0.2 of third rank X-state of first kind.
where V3(P, φ, ψ, y) = t±
√
t2−2u(1+2y−P)
2u . So, the situa-
tion is similar as first kind and we would be getting simi-
lar results. Now, we will consider the situation y > x i.e.,
G > y > H. Here concurrence will be 2(√y+sin θ cos θf ′)
and F to be 16
[
3 + 4
√
y + cos2 θ − esin2 θ
]
. In this situ-
ation calculation will be slightly different. The reason is
that now the expression for purity P involves y, not x.
So, in this case we will be getting a 4th order equation
of sin2 θ from the expression of P and C. We will not
do this in this section as in the next section for 4th rank
X-states we will discuss a similar situation.
VII. ANALYSIS FOR RANK-4 X-STATES
General fourth rank X-states will be characterized by
x < H, y < G, AB > 0. Putting the values of A,B,G,H
we get the values of P and C as,
P = 1 + 2x+ 2y − 2 sin2 θ + 2 sin4 θg, (56)
C = 2 max[√x− f sin2 θ,√y − f ′ sin θ cos θ]
(57)
F = 1
6
[
3 + 4
√
a+ cos2 θ − esin2 θ
]
, (58)
where,
g =
1
64
[53 + 4 cos 2φ+ 7 cos 4φ+ 8 cos 4ψ sin4 φ],
(59)
f =
√
sin2 φ cos2 φ cos2 ψ and (60)
f ′ =
√
sin2 φ sin2 ψ. (61)
First, we choose x > y and also
√
x − f sin2 θ > √y −
f ′ sin θ cos θ. So, we take C to be 2(√x− f sin2 θ) and F
to be 16
[
3 + 4
√
x+ cos2 θ− esin2 θ
]
. Now, from Eq. (56)
and (57) we get,
sin2 θ = V4(P, C, φ, ψ, y) =
(1− fC)±√(1− fC)2 − (1− P + 2y + C2/2)(2g + 2f2)
(2g + 2f2)
.
(62)
Using the expression for C and the evaluated sin2 θ, we
now write optimal fidelity F in terms of C,P, φ, ψ and y
as,
F = 1
6
[
4 + 2C − (1 + e− 4f)V4(P, C, φ, ψ, y)
]
. (63)
In similar fashion here also we can argue that as purity
increases keeping others constant, optimal fidelity also
increases and also it is evident from the FIG. 7. For this
plot we choose ψ = φ = pi4 or ψ = 2 tan
−1(
√
5− 2√6),
φ = pi3 and y = 0. For these values of φ and ψ, g =
11
16 ,
f = 1
2
√
2
and e = 12 . FIG. 8 shows the variation of
optimal fidelity with concurrence for a fixed value of pu-
rity. Now for x > y, we could have
√
x − f sin2 θ <
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FIG. 7. Variation of optimal fidelity with purity for g = 11
16
,
e = 1
2
, f = 1
2
√
2
and y = 0 with C = 0.2 of rank-4 X-state.
√
y − f ′ sin θ cos θ. So C = 2(√y − f ′ sin θ cos θ). In this
case from the expression of P and C we will get a fourth
order equation for sin2 θ, which will not involve y In prin-
ciple we will get four solutions of sin2 θ from this equation
as a function of φ, ψ and x. Putting these solutions of
sin2 θ in the expression for F , we will have F as a func-
tion of C,P, φ, ψ and x. The fourth order equation will
be similar like we will derive in the following for the case
of y > x and
√
x − f sin2 θ < √y − f ′ sin θ cos θ. So, let
us consider the case when y > x and
√
x − f sin2 θ <√
y − f ′ sin θ cos θ, we have the value of concurrence to
be 2(
√
y−f ′ sin θ cos θ). In this case we need to replace x
by y in the optimal fidelity expression given in Eq. (58).
Here also we will get a fourth order equation of sin2 θ.
Using the expression for purity P and concurrence C, we
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FIG. 8. Variation of optimal fidelity with purity for g = 11
16
,
e = 0, f = 1
2
√
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and y = 0 with P = 0.7 of rank-4 X-state.
get the following equation,
α2 sin8 θ + 2αβ sin6 θ + [β2 + 2α(1 + 2x+ C2/2− P)
+4C2f ′2] sin4 θ + [2β(1 + 2x+ C2/2− P)− 4C2f ′2]
sin2 θ + (1 + 2x+ C2/2− P)2 = 0, (64)
where,
α = 2g − 2f ′2 and β = 2f ′2 − 2. (65)
From this equation, in principle one can get four solutions
for sin2 θ and using that one can get the expression for
optimal fidelity F in terms of C, P, x, φ and ψ. As solving
this equation will be very involved, we avoid that and get
some plots for some particular values of the parameters
showing the pattern. We choose x = 0, φ = ψ = pi4 or
φ = pi3 , ψ = −2 tan−1(
√
2 − √3) and C = 0.2. In FIG.
9, we see a trend as before, i.e, optimal fidelity increases
with purity for a fixed concurrence. Now finally we are
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FIG. 9. Variation of optimal fidelity with purity for g = 11
16
,
f ′ = 1
2
and x = 0 with C = 0.2 of fourth rank X-state.
left with y > x and
√
x − f sin2 θ > √y − f ′ sin θ cos θ.
In this case C = 2(√x− f sin2 θ) and F = 16
[
3 + 4
√
y +
cos2 θ − esin2 θ
]
. After few steps of calculation, we find
F = 1
6
[
4 + 4
√
y − (1 + e)V5(P, C, y, φ, ψ)
]
, (66)
where,
V5(P, C, y, φ, ψ) = sin2 θ = (67)
(1− fC)±√(1− fC)2 − (2g + 2f2)(1 + C2/2 + 2y − P)
(2g + 2f2)
.
From this expression also one can verify that the trends
are similar as above.
A. Uhlmann Fidelity
As we have seen, the optimal teleportation fidelity
changes monotonically with parameters, or functions of
parameters, of states. Question is apart from purity and
concurrence what other physical quantities these func-
tions of parameters may be related to. In this subsec-
tion, we consider one such physical quantity – Uhlmann
Fidelity. It is known that the closeness of two states can
be characterized by Uhlmann fidelity [19]. For two ar-
bitrary quantum states ρ and σ, the Uhlmann fidelity is
defined as [19]
R =
[
Tr
√√
ρσ
√
ρ
]2
. (68)
It is a relevant quantity that describes how far apart two
states are. Here we will compute the Uhlmann fidelity
of a class of X-states with Bell states. As there are four
Bell states, we take the maximum of the values. So we
choose σ of Eq.(68) as density matrices of Bell states.
Then Uhlmann fidelity of the rank four X-states as in
Eq. (4) is
R = max [1
4
(1 + e) sin2 θ +
√
y cos ν,
1
4
(1 + e) sin2 θ −√y cos ν,
1
4
(2− (1 + e)sin2θ) +√x cosµ,
1
4
(2− (1 + e)sin2θ)−√x cosµ].
(69)
There are four Uhlmann fidelities, one for each of the Bell
states. Uhlmann fidelity also corresponds to the transi-
tion probability of one state to another state. We take
the maximum among four, because the maximum is the
most probable state. As fidelity is independent of µ and
ν, so without loosing generality we can choose µ = ν = 0.
We find out R explicitly with C = 0.2, P = 0.7, f = 1
2
√
2
and y = 0. For this state one can check that the Uhlmann
fidelity is
R = 1
4
(2− (1 + e)sin2θ) +√x. (70)
9It is quite obvious from this expression that R is mono-
tonically decreasing function of e. We have also seen in
Eq.(63) that optimal teleportation fidelity also monoton-
ically decreases with e. To visualize it we have plotted
R and F as a function of e in Fig. 10. One interpreta-
Fidelity
Uhlmann Fidelity
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FIG. 10. Variation of optimal teleportation fidelity and
Uhlmann fidelity with e for f = 1
2
√
2
, y = 0, C = 0.2 and
P = 0.7 of rank-4 X-state.
tion of the Fig. 10 is that the increment of parameter e
is somehow introducing classicality in the system. With
increment of e, Uhlmann fidelity is decreasing i.e., the
state is going far away from the Bell states and as a re-
sult optimal fidelity is also decreasing. To emphasize the
importance of this quantity, we consider the states with
same values of concurrence and purity that have different
optimal fidelity. Let’s see it explicitly with two following
states:
γ1 =
1
3
|ψ+〉〈ψ+|+ 2
3
|ψ−〉〈ψ−| and
γ2 =
1
3
|ψ+〉〈ψ+|+ 2
3
|00〉〈00|, (71)
where |ψ±〉 = 1√
2
( |01〉 ± |10〉 ). These states have
same purity 59 and concurrence
1
3 , but optimal fidelity
is different, F(γ1) = 79 and F(γ2) = 23 respectively.
Uhlmann fidelity of these states are given by 23 and
1
3
respectively i.e, higher Uhlmann fidelity corresponds to
larger teleportation fidelity also. It seems plausible as
Uhlmann fidelity is associated with distance between
two density matrices. So larger distance of a state
from maximally entangled state implies larger deviation
from nonlocality which in turn degrades its optimal
teleportation fidelity.
VIII. DISCUSSION AND CONCLUSIONS
We have studied nonlocal properties of two-qubit
mixed states using teleportation protocol. We have used
a class of states, X-states. The motivation to consider X-
states originates from the fact that for every two-qubit
mixed state, there is a X-state with same purity and con-
currence [13]. The original state and the corresponding
X-state are related by some global unitaries. We have ob-
tained the dependence of optimal teleportation fidelity
on the functions of the state parameters. All the rela-
tions for optimal fidelity indicate that noise can reduce
the effectiveness of state as a teleportation channel. In
concurrence-purity region, we can find some entangled
states for each rank which have optimal fidelity less than
2
3 . Below a certain value of purity, optimal fidelity does
not increase if only concurrence is increased. Also concur-
rence can not be changed arbitrarily keeping purity fixed.
Moreover the amount of variation of optimal fidelity with
purity, for fixed amount of concurrence, depends on the
rank of the states. Our result also agrees with the work
in reference [7]. Higher rank X-states give larger optimal
fidelity for a fixed value of purity and concurrence. Our
investigations suggest that the nonlocal character of a
two-qubit mixed state is more involved, and require sev-
eral quantities to fully characterize it. For example, for a
rank-3 X-state, the optimal fidelity depends not only on
purity and concurrence, but also on the functions e and f .
All of these quantities are functions of state parameters.
By choosing a specific set of values for the functions e and
f , we find that the optimal fidelity changes monotoni-
cally with concurrence and purity. However, the optimal
fidelity also changes monotonically with functions e and
f . This has been illustrated in a number of plots. Thus,
these quantities also characterize the nonlocal (classical
or quantum) properties of the mixed states. Purity and
concurrence are not enough. They may characterize some
average nonlocal properties. At some level, it is not sur-
prising. Unlike a two-qubit pure state, a two-qubit mixed
state can have several independent parameters. However,
we have found some specific functions of the state param-
eters, which in addition to concurrence, also determine
the nonlocal properties of the state. The optimal tele-
portation fidelity changes monotonically with respect to
these functions. Interestingly, Bell violation by a X-state
varies in the same way with respect to these functions e
and f [11]. These extra functions of parameters, should
be related with other properties of the states which are
not captured by purity, or concurrence. We have consid-
ered one such quantity, Uhlmann fidelity, and shown its
importance. There should be many more such quanti-
ties which are still to be found to fully characterize the
nonlocal properties of two-qubit mixed states.
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